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abstract 

In this paper, we investigate the minimality of the map u^ from the eu- 
clidean unit ball B"^ to its boundary S"~^ for weighted energy functionals of 
the type Epj = J^„ f{r)\\'Vu\\Pdx, where / is a non-negative function. We 
prove that in each of the two following cases : 
i) p = 1 and / is non-decreasing, 
CT) . i)) p is an integer, p < n — 1 and f = r" with a > 0, 

Q \ the map n^ minimizes Epj among the maps in iy^'*'(B", §"^^) which coincide 

O '. with ipii on dW. We also study the case where /(r) = r^ with — n+2 < a < 

O 






> 

00 



c^ 



and prove that jAt does not minimize Epj for a close to —n + 2 and when 
n >6, for a close to 4 — n. 

Keys Words : minimizing map, p-harmonic map, p-energy, weighted energy. 



:rl ■ 0.1 Introduction and statement of results 

X, 

j^ . For n > 3, the map Uo{x) = jot : B" — > §" ^ from the unit ball B" of 

R" to its boundary S"~^ plays a crucial role in the study of certain natural 
energy functionals. In particular, since the works of Hildebrandt, Kaul and 
Widman (|i2|), this map is considered as a natural candidate to realize, for 
each real number p G [1, n) the minimum of the p-energy functional, 

Ep{u) = I \\Vu\\^dx 



among the maps u G 1^1'P(B'^, §""!) = {ue iyi'P(B", M"; ||m|| = 1 a.e.} satis- 
fying u{x) = a; on S"^"*^. 

This question was first treated in the case p = 2. Indeed, the minimality of 
Mo for E2 was etablished by Jager and Kaul ( jIHI) in dimension n > 7 and 
by Brezis, Coron and Lieb in dimension 3 ( [2]). In [HI, Coron and Gulliver 
proved the minimality of Uq for Ep for any integer j9G{l,---,n — 1} and 
any dimension n > 3. 

Lin ([IZ|) has introduced the use of the elegant null Lagrangian method 
(or calibration method) in this topic. Avellaneda and Lin showed the effi- 
ciency of this method in [ij where they give a simpler alternative proof to 
the Coron-Gulliver result. Note that several results concerning the minimiz- 
ing properties of p-harmonic diffeomorphisms were also obtained in this way 
in particular by Coron, Helein and El Soufi, Sandier ( |H, [12], [Z| and IH]). 

The case of non-integer p seemed to be rather difficult. It is only ten 
years after the Coron-Gulliver article [H], that Hardt, Lin and Wang (|T0]) 
succeeded to prove that, for all n > 3, the map Uq minimizes Ep for p G 
[n— l,n). Their proof is based on a deep studies of singularities of harmonic 
and minimizing maps made in the last two decades. In dimension n > 7, 
Wang ([2D]) and Hong ([H]) have independently proved the minimality of uq 
for any p > 2 satisfying p + 2y/p < n — 2. 

In pn], Hong remarked that the minimality of the p-energy Ep, p E 
(2, n — 1], is related to the minimization of the following weighted 2-energy : 

Ep(u) = I r'^-P\\Vufdx 

where r = \\x\\. Indeed, using Holder inequality, it is easy to see that if the 
map Uq minimizes Ep, then it also minimizes Ep (see [12], p. 465). Unfortu- 
nately, as we will see in Corollary 1.1 below, for many values of p G (2, n), the 
map Mo is not a minimizer of Ep. Therefore, Theorem 6 of (^H]), asserting 
that Mq minimizes Ep seems to be not correct and the question of whether 
Mo is a minimizing map of the p-energy Ep for non-integer p G {2,n — 1) is 
still open ^ 

The aim of this paper is to study the minimizing properties of the map 

^We suspect a problem in Theorem 6 p. 464 of p^j- Indeed the author claims that 
the quantity G^^o ... ^^o {v,p), which represents a weighted energy of the map v on the 
3-dimensional cone Cq in B", is uniformly proportional to the weighted energy on the 
euclidian ball B'^. There is no reason for this fact to be true, the orthogonal projection of 
Co on to B" being not homothetic. 



Uf) in regard to some weighted energy functionals of the form : 

E,j{u)= [ f{r)\\Vurdx, 

where pG {I,--- ,n — 1} and / : [0, 1] — *> M is a non-negative non-decreasing 
continuous function. For p = I, the map Uq minimizes Eij for a large class 
of weights. Indeed, we have the following 

Theorem 0.1 Suppose that f is a non-negative differentiable non- decreasing 
function. Then the map uq = rrj-^ is a minimizer of the energy Eij, that is, 
for any u in W'^'^{Q^,E^~^) with u{x) = x on S"""*^, we have 



f{r)\\Wu4dx< / f{r)\\Wu\\dx, 

Moreover, if f has no critical points in (0, 1), then the map ""o = ||f|| «5 the 
unique minimizer of the energy Eij, that is, the equality in the last inequality 
holds if and only if u = Uq. 

For p > 2, we restrict ourselves to power functions /(r) = r", 

Theorem 0.2 For any a > and any integer p G {!,■■■ ,n — 1}, the 

map uq = T^ is a minimizer of the energy Ep^r°' that is, for any u in 



\\x 



Vri'P(B",§"-i) with u{x) =x on §"-^ we have, 

r"||VMofrfa;< f r"||VMfrfa;. 

B" Jb" 

Moreover, if a > 0, then the map uq = rrj-^ is the unique minimizer of the 
energy Ep^r°', that is the equality in the last inequality holds if and only if 

U = Uq. 

The proof of these two theorems is given in section 2. It is based on a con- 
struction of an adapted null-Lagrangian. The case of p = 1 can be obtained 
passing through more direct ways and will be treated independently. 

The case of weights of the form /(r) = r", with a < 0, is treated in section 
3. The weighted energy J^„ r°'\\'Vuo\\'^dx of Mq = |TfT| is finite for a > —n + 2. 
Hence we consider the family of maps, 

Ua{x) = a + Xa{x){x — a), a & B'^, 

where \a{x) G M is chosen such that Ua{x) G S"^"*^ (that is Ua{x) is the 
intersection point of S"~^ with the half-line of origin a passing by x). 

We study the energy _E2,r"(Ma) of these maps and deduce the following 
theorem. 



Theorem 0.3 Suppose that n > 3. 

(i) For any a G B", a ^ , there exists a negative real number 

ao £ {—n + 2, 0), such that, for any a G (— n + 2, ao] we have 

f r''\\\/uofdx> f r^'WVuafdx . 

(a) For any integer n > 6, there exists a^ G {4 — n,5 — n) such that, for any 
a G (4 — n, tto), there exists a G B" such that, 

f r''\\Vuofdx> f r"\\Vuafdx . 
Jb" Jb" 

Replacing in Theorem 0.3 a by 2 — p, p G (2,n), we obtain the following 
corollary : 

Corollary 0.1 For any n > 6, there exists po G (n — 3,n — 2) such that, 
for any p G {po,n — 2) the map uq = ttm does not minimize the functional 

f^nf^^^^W^uW^dx among the maps u G W^'^(B"-,E>'^~^) satisfying u{x) = x 
on^''-\ 
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0.2 Proof of theorems 0.1 and 0.2 

Consider an integer p G {1, ■ ' ^ n—1} and / a differentiable, non-negative, 
increasing, and non-identically zero map. We can suppose without loss of 
generality, that /(I) = 1. 

For any subset I = {ii, ■ ■ ■, ip} C {1, ■ ■ ■, n— 1} with ii < ^2 • • • <ip and for 
any map, 



u = {ui,--; Un) : B" — > S""^ in C°°(B", S""^) with u{x) = a; on § 
we consider the n-form : 

uJi{u) = dxi A ■ ■ ■ A d{f{r)uij A ■ ■ ■ A d{f{r-)ui^) A ■ ■ ■ A dxn 

Lemma 0.1 We have the identity : 

I 00 1 (u) = / CO I (Id) Vx G B" where Id{x) = x. 
Jb" Jb" 



Proof By Stokes theorem, we have : 

ui{u) = I dxi A- ■■ A d{f{r)uij A ■ ■ ■ A d{f{r)ui^) A ■ ■ ■ A dxn 
I {-iy'-'d(f{r)u,,dx, A ■ ■ ■ A rf(7(^.J A 

■■■Ad{f{r)ui^)A---Adxn^ 

{-ly^'^Xi^dxi A • ■ ■ A d{f{r)uij A 

• ■ ■ A d{f{r)ui^) A ■ ■ ■ A dXn- 



Indeed, on S" \ we have f{r)ui^ = Xjj (r = 1,/(1) = 1 and u{x) = x). 
Iterating, we get the designed identities. Consider the n-form : 



By Lemma 0.1, we have : 



S{u) = ^ wi{u) 

\i\=p 




1 wi{u) = y ] dx = 


gn-1 



\I\=p- 

where |S"^^| is the Lebesgue measure of the sphere. 

Lemma 0.2 The n-form S{u) is 0{n)—equivariant , that is, for any rotation 
R in 0{n), we have : 

SCRuR)CRx) = S{u){x) yx G B". 

Proof Consider S{u){x){ei, . . . , e„) where (ei, . . . , e„) is the stantard basis 
of W^ and notice that it is equal to (—1)" times the (p + 1)*'' coefficient of 
the polynomial -P(A) = det{Jac{fu){x) — \Id) which does not change when 
we replace fu by ^RfuR. 

For any x G B'', let R G 0{n) be such that ^Ru{x) = Cn = (0, ...,0, 1). 
Consider y =* Rx , v =* RuR, so that : 

v{y)=e^, dCRuR){y){m'')Ce^ that is ^(l/) = Vj G {1, ■ ■ ■ ,n}. 



Lemma 0.3 Let ai, . . .,an be n non-negative numbers, andp G {1, . . . , n— 1}. 
Then : 

-. n— 1 

2^ ah--- ai^ < / _^xj,C'Li ( 2^ Oj j • 

il<...<ip ^ ' j=l 

Proof See for instance Hardy coll. [4], theorem 52. 

Let / = {ii, ■ ■ ■, ip} C {1, ■ ■ ■, n}. We have : 
if ip 7^ n, 

ooi{v){y) = {dxiA---Ad{f{r)vi^)A---Ad{f{r)vijA---Adxn){y) 
= \f{r)f{dxi A ■ ■ ■ A dvi-^ A ■ ■ ■ A dvi^ A ■ ■ ■ A dxn)iy). 

Indeed, Vj < n-1, d{f{r)vj{y)) = d{f{r))vj{y) + f{r)dvj{y) = f{r)dvj{y) 
since v{y) =e„. 
If ip = n, 

cc/Md/) = |/(r)ri(rfxiA---Arft;,,A---Arf/)(i/). 

Indeed, d{f{r)vn){y) = df{y)Vn{y)+ f{r-)dvn{y) = df{y) (as dv{y) C e^J;). The 
Hadamard inequality gives : 

\Siv)iy)\ = \Y,cor{v)iy)\ < \fir)f Yl \\dx^\\ ■ ■ ■ \\dv,A\ 

\I\=p l<ii<i2<...<ip<n—l 

--- \\dvij ■■■ \\dxn 
+ l/Wr' J2 \\dx^\\---\\dv,,\\ 

l<ii<i2<...<ip-i<n—l 

---\\dv^p\\---\\df\\{y) 



< i/wr( E \\dx,f-..\\dv,,f..- 

1 

---\\dvj'---\\dxj\y)\\cpy 
+ /'(r)/(rr^ J2 \\dx,\\---\\dv,,\ 

l<ii<i2<...<ip-i<n—l 

■■■\\dvip\\{y). 



The Hardy inequality gives, after integration and using the fact that || Vm| 

||Vv||, 






'-^nis:.n-li / '-^n-l _ 

-1 ^ 

r{r)r-\r)\\^uf~^dx. (1) 



in — X) 2 Jb" 



Remark : : If /' is positive and if equality holds in (1), then, V? < n — 1, 

Hi = and ?/„ = ±|Tf|| , which implies that u{x) = ±||f|| • 

Proof of the Theorem 1.1 Inequality (1) give 



jn— 1 1 



< VrT^T / f{r)\\Vu\\dx+ f\r)dx. 

B" JB" 



Hence : 

|(Sn-l| 



/||V«|Ma;>^^(l- / /'(rK-irfr) 

/" /||V«||rfx> V^^:^T|§"-^| /" f{r)r''-^dr= f f{r)\\Vuo\\dx. 
Jb" jo Jb" 

To see the uniqueness il suffices to refer to the remark above. It gives that 

for any x G B", u{x) = jAt or u{x) = —tht^- As u{x) = a; on the unit sphere, 

we have, for any x G B"\{0}, u(x) = rr-rr. ■ 

Proof of the Theorem 1.2. Let a be a positive real number. From in- 
equality (1) we have : 

(^p fP r fP-i r 



— |S'"I<7 ^^VT7 / r'^^WVuFdx + a ^^Vx / r^'P-'llVuF-'dx. 

n' ' - (n - l)p/2 Jb^ (n-l)VyB" 

By Holder inequality, we have, setting q = -^ : 

fp fP r 

-|S""^I < -, ^^^^ / r'^nWu\\Pdx 



n ' - (n - l)p/2 _yB„ 



+ a ^^W( / ^''^""^^t/x) (/ r"P||VMfcia; 



tn-l)p/2^B" 



+ « ^^7 ' , ' ,,,,, / r'^^Vurdx 

(^_l)V(n + p(a-l))Vp 



'B" 

7 



Consider the polynomial function : 

rip /^P-1 |(^n— lll/p rip 

Setting A = (/Bnr"P||VM||P)^^^ and 5 = (/g„ r^J^UVwof )^^^ we get P(A) > 
while 

/^p-i /^p-i ^p 

P(m = — ^lii^i — ^|§"-i| + a — ':^ — ^|§--i|_llii|s"-i| 

n + p{a — I) n + p{a — 1) n 

n + p(a - 1) y n nCl_[ 

= 0. 

On the other hand, Vt > 0, P'(t) > 0. Hence, P is increasing in [0, +oo) and 
is equal to zero only for B. Necessarily, we have A> B. 
Moreover, ii a > 0, A = B implies that equality in the inequality (1) holds. 
Referring to the remark above, and as Uq{x) = a; on the sphere, we have 
M = Mo = inT- Replacing a by a/p we finish the prove of the theorem. 



0.3 The energy of a natural family of maps. 

Let a = {9,- ■ ■, 0) be a point of B" with < ^ < 1 and consider the map, 

Ua{x) = a + \a{x){x — o) , 

where \a{x) > is chosen so that Ua{x) G S"~^ for any x G B" \ {0}, 

^yAa{x) — {a\x — a) 



Xa{x) 



\x — alp 



and 



^a(a;) = (1 — ||a||^)||a; — a|p + {a\x — of' . 



Notice that Ua{x) = a; as soon as x is on the sphere. If we denote by 
{^i}ie{i,--,n} the standard basis of M", then, Vi < n, we have, 



\dua{x).ei\ 



^A^ — {a\x — a) 



\x — a\ 



+ 



_ I ^ (-^ C"! 11/. / I \ 

-2\ ^-^[^Aa-iax-a] 

\\x — all 



+ 



(1 — ||a|p)(a; — a|ej) + {x — a\a){a\ei) 



^AnWx — a\ 



{a\ei) 



+ 2 



+ 



la; — a\ 



\x — a\ 



\a\x — a) 



\x — a\ 



[X — a e,- 



\x — a\ 



An — (a\x — a 



(1 — ||a|p)(a; — a|ej) + {x — a\a){a\ei) 



^Al\\x — a\ 



{a\ei) 



\x — a\ 



(x — a\ei). 



Let us prove that, for each a G (— n, 0), /g„ r"||VMa|Ma^ is finite. Consider 
the map : 



F : R+ X §"-1 



(r, s) I — > a + rs = X. 



Then, we have, 



1 "" 
F*(|| V uj'dx) = -Y, ^U^) ^""'^^ ^ ds, 



i=l 



where Hi^a{s) is given on the sphere by, 

H,,a{s) = ((l-||af + (a|s)2)i/2_(a|,))' 



+ 



-2(s|ei)((l-||af + (a|s)2)V2 

(1 - ||a|p)(s|ej) + {a\ei){s\a) 
(l-||a||2 + (a|s)2)i/2 

+ 2(^(1 -||af + (a|s)2)^/'-(a|s) 



- (s|a)) 



1 2 



- (a|ej) 



+ 



•2(s|e,)((l-||af + (a|s)2)V2_(s|a)) 
(1 — ||a|p)(s|ej) + (a|ej)(s|a) 



|a||2 + (a|s)2)i/2 



{a\ei) (s|ei). 



It is clear that Hi^a{s) is continuous on §"~^. Therefore, near the point a, as 
n > 3, the map ||a;||°||VMa|| is integrable. Furthermore, near the point 0, as 
a > — n, this map is also integrable. In conclusion, for any a G (— n, 0), the 
energy i?r",2(wa) is finite. 



Proof of Theorem 1.3(i). Since we have 



3n-l| 



>-l) 



B" 



n + a — 2 



the energy i?2,r"(Mo) goes to infinity as a ^ — n+2. On the other hand, as the 
energy i?2,r«(Ma) is continuous in a, there exists a real number cto ^ (~^+2, 0) 
such that, Va, 2 — n<a < ao, 



|a;||"||VMofrfa;> 



B" 



|a;|rilV-u„|P(ia;. 



B" 



Proof of Theorem 1.3(ii). Since a = (6', 0, ■ ■ ■ , 0), we will study the func- 
tion. 



G{e) = E^^Aua) = f r'^WVuafdx. 

JB" 



Precisely, we will show that for any a G (5 — n, 4 — n) , G is two times 

dGi 

de 



differentiable at ^ = with ^(0) = and, when a is sufficiently close to 

d6»2 



4 — n, 4^(0) < 0. Assertion (ii) of Theorem 1.3 then follows immediately. 



10 



We have, 



l-9^ + d^sl-9si 



+ ( -2s^{Jl-9^+9^sl - 9s,) + ^i^feii^ - 6 J ' 



l-9^+9^sl 

2Ul-9^ + 9^sl - 9s A (-2s,{^Jl-9^ + 9^sl - 9si) 
il-9^)s, + 6a9hi 



+ 



^l-9^+9^sl 



5ii9 Si 



where 6ij = Hi ^ j and else. 

We notice that Hi^g{s) is bounded on [0, 1] x §"^^ Indeed, for all x,y,z G 

[0, 1], excepting {x,y) = (0, 1), we have. 



X 



< 1 and 



{l-y')z 



'I — y"^ + y^x^ 
Then, for almost all {s,9) e §""^ x [0, 1], we have 

^l-02)s^^Sa9^s, 



1 — y^ + y^x 



< 1. 



l-9^ + 9^sl 



<1, 



and the others terms are continuous in [0, 1] x §" ^ . 
We have, 



E2,r°'iUa) 



\x\\''\\Vua\rdx= / \\a + rs\\"r''-'H{9, s)drds 

B" JB" 

H{9, s) I r ' ((r + 9sif + 9\l - sl)Y'''r''~Hr] ds, 



where 75(5) = y^l^^¥+9^- 9si and H{9, s) = ^ Hi^e{s). We notice that 

i=l 

H{9, s) is indefinitely differentiable in (—1/2, 1/2) x§"^^. Let C„ be a positive 
real number so that, V(^, s) G (-1/2, 1/2) x §"-1 



\Hi9,s)\<C^, 
Furthermore, we have. 



dH{9, s) 



09 



^ Gr, 



92iJ(^, s) 



09^ 



<Cr,. 



H{9, s) = (n- 1) - 2(n- l)si^ + ((2n-3)s?- n + 2)9^ + o{9^). (A) 



11 



Let us set p = r + 6*51, (3(6, s) = ^/l-O^ + e'^sl and 

rf5{e,s) 



Fie,s) 



(p-9s^y'-'{p' + 9\l-sl)r/'dp. 



6»si 



Notice that p G [-1,3]. Then, G{e) = J^„_, H{e,s)F{e,s)ds. Let us set 
g{p, 9, s) = {p- 9s,r-\p' + 9'{1- sl)r/\ 

Lemma 0.4 The map 9 t-^ G{9) is continuous on (—1/2, 1/2) and continu- 
ously differentiable on (—1/2, l/2)\{0} for any a > 3— n . 

Proof We have, Vs G §"-i\{(±l, 0, ■ ■ ■ , 0)}, 



(p - 9s, 



< 



xv, 



(p2 + ^2(1 _ ^2)) - l-sj 

Indeed, {1- sl){p-9sif < 2{1- sl){p^ + 9^) < 2{p^ + 9\l - sj)) . And then, 



gip,0,s) < 



2^ 



[l-sj]-^ 



^{p' + 9\l-s\)r-^. (1.2) 



Since a > 3 — n we deduce that the map (p, 9) -^ g{p, 9, s) is continuous on 
(—1/2, 1/2) X [—1, 3]. Hence, the map z \-^ Jq 9{p, 0, s)dp is differentiable on 
[—1, 3] and, 

d r 

^ / g{p,0,s)dp = g{z,9,s). 
Furthermore, for any p G [—1, 3], the map 9 \-^ g{p, 9, s) is differentiable and 

^ip,0,s) = -in-3)s,ip-9s,r-\p' + 9'il-sl))f 



a 



2\ \ — — 1 



+ ^{p-9s,r''29{l-sl){p' + 9\l-sl)) 

Let a,b be two real in (0, 1/2) with a < b. We have for any \9\ G (a, 6), for 

anysG§"-i\{(±l,0,---,0)}, 



|(P,..; 



< {n - 3)r-\a\l - sl))"^ 
+ |a|4"-3(l-s2)(a2(l-s?))t-i. (1.3) 
This shows that 9 \-^ f^ g{p, 9, s)dp is differentiable on (—1/2, 1/2) \ {0} and 

d r r dg 

g^ J 9{p,0,s)dp = J —{p,9,s)dp. 



12 



Moreover the map {z, 9) i-^ j^ miPi ^i ^)dp i^ continuous in [—1, 3]x(— 1/2, l/2)\ 
{0}. Indeed, 9 ^^ -^{p,9,s) is clearly continuous on (— 1/2, 1/2) \{0} and 
from (1.3) and by Lebesgue Theorem, 9 i— > J^ ^f (p, 9, s)dp is continuous on 
(—1/2, 1/2) \ {0}. Then, for any e > 0, we will have for any sufficiently small 

h, k. 



z+h 



dg_ 
89 



(p, 9 + k, s)dp 



dg_ 
89 



(p, 9, s)dp 



< 


/ s^(A»+*.^')* 


-[ l>''''^'^ 




+ 


rz+hQ 
J -JL(^p,9+k,s)dp 


< 







The map (2,^) ^ /(,^^(p, ^, s)rfp is differentiable on [-1, 3] x (-1/2, l/2)\{0} 
and the map 9 \-^ F{9,s) is differentiable in (— 1/2, 1/2) \{0} and for any 
^G(-l/2,l/2)\{0}, 

— {9,s) = ^{9,s)g{P{9,s),9,s)-s,g{9s„9,s) + j ^{p,9,s)dp 



{■4 - 1) 



-j-,{{l-9^ + 9^siy/^-9s,) 



n—3 



1-9^ + ^2s2)l/2 

gi{p,9,s)dp+ / g2ip,9,s)dp, 



where, 



and 



g,ip, 9,s) = -in- 3)s^ip - 9s,Y'\p' + 9\l - s^))^ 



a 



g,{p, ^, s) = |(p - ^si)"-^2^(l - sl){p' + 9\l- sl))f-\ 

Now, the map 9 \-^ F{9,s) is continuous on (—1/2,1/2). Indeed, since the 
map 9 I—* g{p,9,s)dp is continuous on (—1/2,1/2) and from (1.2) 9 1— *> 
f^ g{p,9,s)dp is continuous on (—1/2,1/2). Then, for any e > 0, we have 
\/h, k sufficiently small, 

-h pz 

g{p,9 + k,s)dp- / g{p,9,s)dp 
Jo 



< 


/ g{p,9+k,s)dp 
Jo 


- / 9ip,0,s)dp 
Jo 




+ 


rz+h 

j 9{p,d + k,s)dp 


< ( 


r_ 
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Then, the map {z, 6) i-^ j^ g{p, 9, s)dp is continuous on [—1, 3] x ( — 1/2, 1/2) 
and consequently 6 i-^ F(6', s) is continuous on (—1/2, 1/2). 

Now, we know that 6 i-^ H{6, s)F{6, s) is continuous on (—1/2, 1/2) and 
differentiable on (—1/2, 1/2) \ {0}. Furthermore from (1.2), we have, for any 



s e 



Sn-l 



\{(±l,0,---,0)}, 



\H{e, s)F{e, s)\ < s^'^io^^^a,. ^ 



OH 



s)F{e,s] 



n — 3 CK + n — 3 ^^ 

< 3.2— 10^^ a,. - 



;i-.f)^ 



;i-4) 



;i.5) 



Consider the map r/ : (9, s) ^ r](e, s) = /^'I'^l ((l-e^+e^sjy/^-esX-^ 

This map is indefinitely differentiable on (—1/2,1/2) x §"^^. Let -B„ be a 
positive real number so that, V(6', s) G (-1/2, 1/2) x §""\ 



\v{0,s)\<Bn 






< Br,. 



Considering a,b E (0,1/2) with a < 6 we have, for any 9 G (a, 6), for any 



s G 



jn-l 



\{(±l,0,---,0)}, 



dF 

H{e,s)—ie,s] 



< ('5„ + 3(n-3).4"-^a°(l-s?)t 
+ |3a|.4"-V-i(l-s2)f')c„. (1.6) 



Since the maps s 



(i-si) 



-*- „_3 and s t-^ (1 — s^) 2 are integrable on 



jn-l 



we deduce that 6 t-^ G{6) is continuous on (—1/2, 1/2) and continuously 
differentiable on (-1/2, 1/2) \ {0}. 

Lemma 0.5 The map 9 \-^ G{6) is differentiable at and ^(0) = 0. 

Proof Since for any s G §"^^\{(±1, 0, ■ ■ ■ , 0)}, ^ i-^ F{9, s) is continuous on 
(-1/2, 1/2) from (A) we have, 



From (1.5) and Lebesgue Theorem we have, 



r)}-f 



-2(n-l)si 
-1 n — 2 + a 



ds = 0. 
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Moreover, it is clear that, 



H(9,s)ri(e,s)ds — >0. 



Let J{m, n) be the integral. 



92 n-,^ 



■-1 



J{m,n)=n ' (A/l-s?t-si)"(t2 + l)"rft. 



Notice that J{m,n) converges as 9 goes to if and only if m + 2n < —1. 



Consider the change of variables p = tQ\/\ — s^ if ^ > 0. If 6* < 0, then we 
set p = —tOy^l — si and conclusion will be the same. Hence, we assume that 
^ > 0. Then, 

g,ip,9,s)dp = -(n-3)si(l-s?)^r-3+"J(n-4,-). 



/3(0,s) 



a 



g2ip,e,s)dp = a^"-^+"(l-sf) — J(n-3,--l). 

6*51 ^ 

First case : a > 4 — n. 

J{n — 4, |) and J{n — 3, | — 1) go to +cxd as 6* ^ 0. Furthermore, we 
have, 



j(„_4,-)^(i-.f)^y_v^ 



\J e^ii-sf) \ 



e-^^'^dt 



"1 



J(n-4, -) — -—(1-si) 2 . 

^ '2^0 n-3 + a^"-3+"^ ^^ 

Since t"+"~^ may be equal to zero at zero, we write, 

J(n-3,|-1) = l\^ (y/T^t-sir-='(t2 + l)t-Vt 



+ r'^^^^'i^/i^.t - s^r-%f + i)f-'dt. 



We have, 



An - 3, ^ - 1) ^(1 - sl)^ p ""^^ r-^^"rft. 
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Then, if a 7^ 4 — n, 



a 



1 



1 



J(n - 3, - - 1) ; , ;, (1 - sf)^, 

and note that if a = 4 - n, J(n - 3, f - 1) ~o -(1 - s?)"^ ln(^2(i _ ^2^^^ 
Hence, by (A) we have, 



H{9,s) 



p{e,s) 



gi{p,9,s)dp = -if(^,s)(n-3)si(l-s?)^r-3+"Ji 



Sl 



(n-3)(n-l) 
e-»o n-3 + a 



-si, 



and 






Observe that ^=^ < -y/p(i^ - 1- Indeed, s?^^ < 1 _ ^2 _^ ^2^2^ j^ follows 
from fl.l) that 



(p - 9si 



\n—4 



< 



2^ 



;i - si] 



^{p' + e\i - sDy-^ . 



Recall that p = tOy^l — s\. Since a > 4 — n , we have, for any s G S" ^\ 

{(±i,o,---,o)}, 



Hie.s] 



p{e,s) 



gi{p,9,s)dp 



< 2C„(n-3^— (1-sf)^^ 



2\^Qn~3+a 



1 1 



e^ii-sf) 






< C„(n-3)2'^(l-s?)^r-3+" 



^2(1 -sf) 1^^2(1 _g2 



< Cr^in - 3)2^(1 - sD^^^l - ^2(1 - s?) 

< C„(n-3)2— (l-s^)^. 



Since s 1-^ (1 — s^) 2 is integrable on S" ^, by Lebesgue Theorem we have, 



H(e,s] 



gn-l 



/3(0,S) 



5'i(p, 6*, s)dpds 



es-i 



e^o 



§" 



(n-3)(n-l) 
-1 n — 3 + q; 



Sids = 0. 
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Moreover, we have, for any s E §>"■ ^\{(±1, 0, ■ ■ ■ , 0)}, since a + n — 5 > 0, 

f3(0,s) 



H{e,s) I g2ip,9,s)dp 

Sl 



< 2C„|a|2— (1-sf)^^ 



n— 3+a 



92(1-^2) 



-1 






< ai«|2^(i-s?)^^^ 



«2(l-s2)' 



2 vr 



-rft 



(t2 + 1) V^^(l - S 



n — 3-\-a 
2 



< Cn\a\2^-{l-si 



Then, by Lebesgue Theorem, 

H{0,s) I g2{p,0,s)dpds — >0. 

Second case :3 — n<Q;<4 — n. 

For the same reasons that when a > 4 — n, we have, 

H{e,s) r"\,{p,9,s)dp-^-^-^^^^^^^s,. 

Furthermore, as 4-n>a>3- n, VsG §"-i\{(-l, 0, ■ ■ ■ ,0),(1,0 



) 5 "/ J ) 



0)}, 



H(9,s] 



gi{p,9,s)dp 



< 2C„(n- 3)2^(1 -s?)^r-3+a 



«2(l-s2) 



-1 



< a(n-3)2— (1-sf) 2 ^ 






2^^fl«-3+a 



e2(l-s2) 



^' {e)^^^dt 



< 



< 



C„(n-3)2— (1-s? 



2^2±i^„_3+a 



n — 3 + a 



^^2(1 _s2) -Ij 



n — 3+CK 
2 



2n — 7+a 



C„(n- 3)2^^(1-5?)- 



n — 3 + q; 



Then, by Lebesgue Theorem, 

H{9,s) / gi{p,9,s)dpds 



61^0 



§" 



(n-3)(n-l) 
-1 n — 3 + q; 



Siiis = 0. 
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Moreover, J(n— 3, f — 1) is finite when ^ ^ then, as a > 3— n. Furthermore, 
H{0,s) / g2{p,e,s)dpds — >0. 



rl3{e,s) 

H{e,s) / g2ip,e,s)dp 



< 2C„|a|2'^(l-s2)^^«-3+« 



2 



1 1 

527r~^ 






'0 



2\^nn-3+a 



n — 3-\-a 



Jo it^ + lfWil-sl) 

-^ , , "■ — 1 / On — rt+4 / 1 



Then, by Lebesgue Theorem, 



/ H{e,s) / g2{p,e,s)dpds — >0. 

Finally, we have 



By Lemma 1.4 we deduce that G is diff'erentiable at and ^(0) = 0. 

Lemma 0.6 The map 9 -^ G{6) is two times dijferentiable on (—1/2, l/2)\ 
{0}. 

Proof We know that the map 9 ^ ^{9, s)F{9, s) is differentiable on (-1/2, l/2)\ 
{0}. The maps 9 -^ rj{9, s), 9 ^> diip, 9,s), 9 ^' g2{p, 9, s) are diff'erentiable 
on (-1/2, l/2)\{0}. We have. 



[sj - 1)^1- 9^ + 9^sl- 9{sl - 1)^ 



(sl-l) 



89^ ' ' 1-9^ + 9^1 

x{^Jl-9'^ + 9'^sl-9siY-^ 

, {n-?,)9{sl-l) ( 9{s\-l) _^ 
'I -9^ + 9^sl \^l-9^ + 9^sl ^ 



x{\ll~9^ + 9^sl-9s{^Y-^ 
18 



dg 



09 



Up,e,s) = {n-3){n-4)sl{p-es^r%p' + e\l-sl))^ 



- a{n - 3)si(i - sl)e{p - es^y-^p" + e\i - sDf^-K 



^iP,0,s) = -a{n-3)s^{l-sl)9{p-9s,r-\p' + 9\l-sl))^-' 

+ a{a - 2)(1 - slf9\p - 9s,r'\p' + 9\l - sl))^-' 
+ a{l - sl){p - 9s,r-\p' + 9\l- sl)f^-\ 

We set, 

^n(p, 9, s) = {n- 3)(n - A)s\{p - 9s,r\p^ + 9\l - s?))f , 

(7i2(p, 9, s) = -2a{n - 3)si(l - sl)9{p - 9s,r-\p' + 9\l - s?))t-\ 
g,^{p, 9, s) = a{a - 2)(1 - slY9\p - 9s,T^\p' + 9\l - sl)f^-\ 
g,,{p, 9, s) = a(l - sl){p - 9s,r-\p^ + 9\l - sl))^-\ 
Let a,be (0, 1/2) with a < 6. We have, Vs G §"-i \ {(±1, 0, ■ ■ ■ , 0)}, 






< (n-3)(n-4)4"-^a"(l-sf)2+|a|(n-3)4"-V-^(l-sf)-. (1.7) 



(9^ 



ip,9,s] 



< |a(a-2)|4"-V-'(l-sf)2 

+ |a|4"-V-i(l-s2)f 

+ |a|(n-3)4"-V-^(l-s2)f. (i. 



Then, for any i G {1,2}, the maps 9 \-^ f^ gi{p,9,s)dp is differentiable on 
(0,1/2), and 

— / gi{p,9,s)dp= -^{p,9,s)dp. 

Furthermore, for any i G {1,2}, 9 \-^ -^{p,9, s) is continuous on (—1/2, l/2)\ 
{0}, then, 9 ^ J^ ^{p, 9, s)dp, is continuous on (-1/2, l/2)\{0}. Hence, for 
any i G {1, 2} and for any e > 0, we have V/i, k two sufficiently small, 

^(p, ^ + k, s)dp - / ^(p, 9, s)dp 



< 


/ '^- (A "+*.»¥. 


-/ '>-'-^^'^ 


+ 


l'^"%(p,D+k,s)dp 


< 
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This proves that for any i G {1,2}, {z,9) i-^ J^ -^{p,9, s)dp is continuous 
on [—1,3] X (— 1/2, l/2)\{0}. Moreover, for any i G {1,2} the map p ^-^ 
gi{p,9,s) is continuous on [—1,3] for any 9 G (— 1/2, l/2)\{0}. Then, z i— *> 
Jq gi{p,9,s)dp is differentiable on [—1,3] for any 9 G (— 1/2, l/2)\{0} and 



tz lo 9iiP^ ^^ s)dp = gi{z, 9,s]. 



Since {z,9) t-^ gi{z,9) is continuous on [—1,3] x (— 1/2, l/2)\{0} we finally 
deduce that for any i G {1,2}, 9 t-^ J^^ '"^ gi{p,9, s)dp is differentiable on 
(-l/2,l/2)\{0}and. 






( - (n - 3)si(y/l-^2 + ^2s2 _ ^g^> 



n— 3 



+ a9{l - s\){^Jl -9^ + 9^1 - 9si) 






We deduce that ^ i— > ^ is differentiable in (— 1/2, l/2)\{0}. Moreover, we 
see that the map, 

9{si - 1) 



Xi9,s) = -j=^k=^{-{n-3)sri\/l-9^ + 9^sl-9s,^--* 



+ a9{l -sl){Jl-9^ + 9^sl - 9si) 



71 — 3 



is indefinitely differentiable on (-1/2, 1/2) x§"-i. Then, by (1.1), (1.2), (1.8), (1.7), (1.3) 
and (A), for any a,b E (0, 1/2), a < b there exists constants Ki^n,ab,a, K2,n,ab,a, K3^n,ab,a 
so that, for any \9\ G (a, 6), for any s G S'^^^ \ {(±1, 0, ■ ■ ■ , 0)'}', 






09^ 



< Ki^n,abA^ -4)' + ^2,n,a6,a(l - ^l) ^ + K; 



3,n,ab,a- 



We deduce by Lebesgue Theorem that the map 9 \-^ E{9) is two times 
differentiable on (-1/2, l/2)\{0} and, 

d^G f d'HF 



Lemma 0.7 If5 — n>a>4: — n, the map 9 \-^ G{9) is two times dijferen- 
tiable at 0. 
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Proof Suppose that a G (4 — n, 5 — n). As in Lemma 1.5, we can see that, 

d'^H ,^ ^^,. X, [ l(2n-3)s?-(n-2) , -n^ + 4n - 3 ,^„ i , 

„-i (9^2 V ' ; V, ; e^o Jg^-i 2 n-2 + a 2n(n - 2 + a) ' '' 

pjTT 

-1 "yc^ J6»si "-"0 J§"-i n — 3 + a n(n — 3 + a) 



H{9,s)^{e,s)ds—. I (n-l)isl-l)ds- ^'^ -'-'^-i' 
/ H{9,s)\{9,s)ds — ^0. 



89 0^0 J^„-i n 

and 



As in Lemma 1.5, we set p = yl — sf^t if ^ > 0. Hence 

r./3(e,s) 

mJn.9.s)dn = rn-3Vn-4Vs?n - .s^^^r-^+^./fn - 5. 



^n(p,^,s)rfp = (n-3)(n-4)s2(l-s2)^r-^+"J(n-5,^). 

1 



/ 9uip,0,s)dp = -2a(n-3)si(l-s?)^r-^+"J(n-4,--l) 



/ 92iip,9,s)dp = aia-2)il-sl)^9--'+^Jin-3,--2) 
Jesi ^ 



-PiOs) 



\ 922{p.e,s)dp = a(l-s?)H^r-^+"J(n-3,--l) 

Since a G (4 — n, 5 — n), the integrals J{n — 5, f ) and J{n — 3, f — 1) are 
infinite and we have, 

^(^-''2^^ ^3IT^ '^("-3'2-^)^ n-4 + a 

And the integrals 
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J{n - 4, f - 1) and J{n - 3, f - 2) are finite. Then, 

^ii(p,^,s)rfp--> — , / 922{p,0,s)dp ' 



5^ .0 n — 4 + q; Jg^^ Sh^o n — 4 + q; 

/•/3(e,s) |./3(e,s) 

Jesi ^^^ Jdsi ^^^ 

Moreover, we can see that, for any i, j G {1, 2}, for any {6, s) G (—1/2, 1/2) x 
§"-^{(±l,0,---,0)}, 

f/(^,s) / (7,,(p,^,s)rfp < a,«(l-s?)V^+D„,,(l-s?)V. 

where C„,q, and Dn,a are two constants independent of ^. By Lebesgue The- 
orem we deduce that. 



/^_^^(^,.)|^(^,.)^. 



+ n-1 



n(n — 4 + a) 



By Lemmas 1.1,1.2,1.3, 9 ^ G{e) G ^^((-1/2, 1/2), M) and is two times 
differentiable on (— 1/2, 1/2) \{0}. Furthermore, when a G (4 — n, 5 — n), 
as the limit of ^^(d) exists as ^ ^ , we have 9 \-^ G{9) is two times 
differentiable on (-1/2, 1/2). 

Proof of ii). Assume that a G (4 — n, 5 — n), by Lemma 1.1, 1.2, 1.3, 1.4, 
we have, 

G(^) = G(O) + 10(O) + o(^^). 
Furthermore we have, 

d^G^^^ _ -n2 + 4n-3,^„_i, , 2(n-3)(n-l),^„_i, 



(i6'2 2n{n - 2 + a) n{n - 3 + a) 

— \ It — 1 
+ 



-(^-l)^^n-l, I (^^ ^^ (n-3)(n-4) + a(n-l) ^g,„_ 



n n(n — 4 + a 

We have, for any n > 6. 



Then, 



(n-3)(n-4) + a(n- 1) — > -2(n - 4) < 0. 



in - 3)(n - 4) + a(n - 1) , ^^G, , 

^ ^^7 i V -^ -oo, and-— — > -oo. 
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Hence, there is ao such that, for any a G (4 — n, cto), G{6) < G(0) for 6 
sufficiently small, that is, 

G{e) = E2,r4ua) = f r'^WVuafdx < G{0) = f r"\\\/uofdx. ■ 
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